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We analyse the impact of the recent measurement of kaonic hydrogen X rays by the SIDDHARTA 
collaboration on the allowed ranges for the kaon–deuteron scattering length in the framework of non-
relativistic effective ﬁeld theory. Based on data from K¯ N scattering only, we predict the kaon–deuteron 
scattering length AKd = (−1.46 + i1.08) fm, with an estimated uncertainty of about 25% in both the real
and the imaginary part. 
© 2011 Elsevier B.V. Open access under CC BY license.1. Recently, the SIDDHARTA collaboration at LNF-INFN has per-
formed a measurement of the energy level shift (1s) and width
(Γ1s) of the kaonic hydrogen ground-state [1]
1s = −283 ± 36 (stat) ± 6 (syst) eV,
Γ1s = 541 ± 89 (stat) ± 22 (syst) eV, (1)
which allows to extract the fundamental antikaon–proton (K−p) 
scattering length based on an improved Deser-type formula de-
veloped in [2]. This measurement resolved the long-standing puz-
zle of the discrepancy between the earlier DEAR [3] and the less 
accurate KpX experiment at KEK [4]. The DEAR data have been 
puzzling the community for a long time. As ﬁrst pointed out in 
Ref. [2], the energy shift and width of kaonic hydrogen measured 
by DEAR is incompatible with the predicted values taking the 
underlying K¯ N scattering lengths from scattering data only. This 
issue was studied and exposed in more detail in a series of pa-
pers by various groups, see, e.g., Refs. [5–8]. In addition, based 
on the framework of non-relativistic effective ﬁeld theory (for a 
recent comprehensive review with many applications to hadronic 
atoms, see Ref. [9]), it was shown in [10] that with the DEAR 
central values for the kaonic hydrogen ground-state energy and 
width, a solution for the isoscalar (a0) and the isovector (a1) kaon– 
nucleon scattering lengths exists only in a very restricted domain
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doi:10.1016/j.physletb.2011.09.099of input values for the kaon–deuteron scattering length. Conse-
quently, it was concluded that the anticipated measurement of 
kaonic deuterium by the SIDDHARTA collaboration [11,12] would 
pose stringent constraints on the kaon–deuteron interaction at low 
energies. Presently, an upgrade of the detector at LNF-INFN, called 
SIDDHARTA2, is being considered to perform measurements of X 
rays in kaonic deuterium in 2012 [13]. It is therefore of high inter-
est to reanalyse the predictions for kaonic deuterium in the light 
of the new kaonic hydrogen measurements. This is exactly what 
will be done in this Letter.
2. To reanalyse the predictions for kaonic deuterium, the ele-
mentary antikaon–nucleon ( ¯KN) scattering lengths aK¯ N have to be
related to the K−d scattering length AKd . As the aK¯ N are compara-
ble in size to the average distance of the nucleons in the deuteron, 
the multi-scattering series is non-perturbative and needs to be re-
summed. The resummed ﬁxed-centre-approximation (FCA) to the 
Kd problem has been formulated in Ref. [14] (see also Ref. [10]), 
although a very similar formula has been derived in potential scat-
tering theory long time ago [15]. A three-body calculation beyond 
the FCA has been performed, e.g., in Ref. [16] where the loop mo-
mentum integration is retained. This allows to take account of the 
strong energy dependence of the elementary scattering processes 
near threshold. Recoil corrections beyond the FCA can in principle 
be included in a controlled way in a systematic expansion in inte-
ger and half-integer powers of the parameter ξ = MK /mN  1/2
with MK (mN ) the kaon (nucleon) mass. For double scattering 
this has been shown in Ref. [17], see also Ref. [18]. A consistent
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still an open issue. Here, we will rely on the resummed FCA ap-
proximation without recoil corrections (except for trivial kinemat-
ical factors) of Refs. [10,14],
aˆKd(r) = a˜p + a˜n + (2a˜pa˜n − b
2
x)/r − 2b2xa˜n/r2
1− a˜pa˜n/r2 + b2xa˜n/r3
+ δaˆKd, (2)
with b2x = a˜2x/(1+ a˜u/r). The K−d scattering length AKd is obtained
from aˆKd via a folding with the deuteron wave function and the
a˜ on the right-hand side are related to the elementary scattering
lengths aK¯ N [10,14]. Here, we employ for simplicity the CD-Bonn
potential for the S- and D-wave parts of the wave function. In
Eq. (2), the indices p,n, x, and u refer to the processes K−p →
K−p, K−n → K−n, K−p → K¯ 0n, and K¯ 0n → K¯ 0n, in order. The
quantity δaˆKd indicates a genuine three-body piece which is not
determined but argued to be small in Ref. [10], and thus δaˆKd = 0
in the present study. This issue deserves further investigations in
the future.
To determine the inﬂuence of the isoscalar and isovector scat-
tering lengths, a0 and a1, on the Kd scattering length, one has
to relate them to the elementary processes of Eq. (2). This has
been achieved in Ref. [2] by means of effective ﬁeld theory up to
next-to-leading order in isospin breaking. There, it has been shown
that the large leading order isospin correction is provided by the
unitary cusp. By resumming neutral kaon loops, the elementary
scattering lengths in the particle basis can be related to a0 and a1
as shown in detail in Ref. [2]. The result for ap as a function of
a0,a1 can be rewritten as
ap = (a0 + a1)/2+ q0a0a1
1+ q0(a0 + a1)/2 . (3)
This condition, together with the requirement from unitarity,
ImaI  0, i = 0,1, leads to a restriction for the possible values
of a0,a1 [10] in form of circles in the complex aI planes, i.e. val-
ues of aI inside these circles are excluded. The circle is given by
alimI = C + R exp(iφ), φ, R ∈R,
1
R
= −4q0 Im 1
1+ apq0 , C = −
1
q0
+ iR, (4)
for both I = 0 and I = 1. In Eqs. (3) and (4), the parameter q0
determines the strength of the cusp, q0 = √2μ0, where μ0 is the
reduced mass of the K¯ 0 and the n, and  =mn + MK¯ 0 −mp − MK
as derived in Ref. [2].
Within this framework, we can now study the K−d scattering
length AKd , using the constraints provided by ap . The ground-state
energy shift and width of kaonic hydrogen can be related to the
K−p scattering length ap at next-to-leading order in isospin break-
ing as derived in Ref. [2],
1s − i
2
Γ1s = −2α3μ2c ap
(
1− 2αμc(lnα − 1)ap
)
(5)
where μc is the reduced mass of the K− and the p. In Table 1
values for ap extracted from different experiments are shown.
Scattering lengths have also been extracted in Ref. [8] consider-
ing the meson–baryon interaction up to next-to-leading order in
a coupled-channel chiral SU(3) unitary approach. In a combined
ﬁt to K−p induced reactions, different interaction kernels within
the unitarisation scheme are considered and, using statistical cri-
teria, non-linear errors on the values of a0 and a1 are provided
(conﬁdence regions in the complex aI planes). Here, we use the
extracted ap scattering length of the full approach of Ref. [8],
ap = (−1.05 + i0.75) fm. This value can be combined with the
scattering length extracted from the latest experiment on kaonicTable 1
Values of the K−p scattering length ap extracted from different experi-
ments/analyses by using Eq. (5).
ap [fm] Experiment
−0.82+ i0.64 KpX [4]
−0.48+ i0.35 DEAR [3]
−0.66+ i0.81 SIDDHARTA [1]
−0.85+ i0.78 Average SIDDHARTA [1] & scattering [8]
Fig. 1. Solid line: Restrictions on the values of the scattering lengths a0 and a1
set by the SIDDHARTA data [1] combined with the K−p scattering length obtained
from scattering data [8]. For comparison, we also display the restrictions from SID-
DHARTA only (dashed line), DEAR [3] (dot-dashed line) and KpX [4] (dotted line).
atoms, SIDDHARTA [1]. The average is shown in the last line of
Table 1, and we consider this number as the most reliable avail-
able value of ap . In the following section, we will determine the
restrictions on a0,a1 and also AKd from these measurements.
3. In Fig. 1, we show the restrictions on the values of the
isoscalar and isovector scattering lengths corresponding to the con-
dition deﬁned in Eq. (4). We only show one quadrant of the whole
circle. The new determination of the K−p scattering length is less
restrictive than the one based on the DEAR results and not very
different from the one based on the older KpX measurement. This
is another way of demonstrating that now the determinations of
the K−p scattering length from kaonic hydrogen and from scatter-
ing data are consistent, see also Fig. 1 of Ref. [10].
In Fig. 2, we analyse the values the complex-valued kaon–
deuteron scattering length can take where solutions for a0 and
a1 exist at all. For that, we have scanned the region −2 fm <
Re AKd < 0 and 0 < Im AKd < 2 fm and tried to ﬁnd solutions,
using the input data collected in Table 1. Using our best deter-
mination of ap or directly the one extracted from SIDDHARTA, the
allowed region is again increased as compared to the one based
on the DEAR data. For the central values extracted from scattering
data, a0 = (−1.64+ i0.75) fm and a1 = (−0.06+ i0.57) fm [8], we
predict the kaon–deuteron scattering length as:
AKd = (−1.46+ i1.08) fm, (6)
which is also displayed as a red circle in Fig. 2, together with other
predictions from the literature. It is interesting to observe that our
prediction agrees with the one of Ref. [19] which is based on a
ground-breaking Faddeev calculation. We note in this context the
(somewhat model-dependent) limit on the K−d scattering length
extracted from the K¯ 0d mass spectrum obtained from the reaction
pp → dK¯ 0K+ measured at the Cooler Synchrotron COSY at Jülich,
namely Im AKd  1.3 fm and |Re AKd|  1.3 fm [23]. Our predic-
tion for the real part in Eq. (6) is not in contradiction with this
bound, because the uncertainties in the determination of a0 and a1
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The grey area bounded by the solid line is our central prediction using the aver-
age of the K−p scattering length from SIDDHARTA [1] and Ref. [8]. The dashed,
dot-dashed and dotted lines are generated using the experimental input from SID-
DHARTA, DEAR [3] and KpX [4], respectively. The ﬁlled (red) circle is the prediction
for AKd based on the K¯ N S-wave scattering lengths from Ref. [8], cf. Eq. (6). Older
predictions for AKd are from: [19] (triangle), [20] (cross), [21] (star: Faddeev equa-
tions, plus sign: FCA), [16] (square), [22] (diamond). (For interpretation of the ref-
erences to colour in this ﬁgure legend, the reader is referred to the web version of
this Letter.)
Fig. 3. Error estimates. Shaded areas with borders: allowed values from scattering
data, result from Ref. [8]. Dark shaded area: uncertainty of the border between al-
lowed and excluded values, using SIDDHARTA uncertainties [1]. Light shaded area:
same, using combined uncertainties from SIDDHARTA and scattering [8] data.
given in Ref. [8] lead to an approximate uncertainty of ±0.35 fm
in Re AKd (and a similar uncertainty in Im AKd).
So far, we have worked with the central values of the in-
put quantities. To estimate the error of our predictions, the sta-
tistical and systematic errors of the SIDDHARTA measurement
have been added in quadrature, and the error of the extracted
ap has been determined to be approximately Reap = 0.10 fm,
 Imap = 0.13 fm. These values lead to an uncertainty of the
boundary between allowed and excluded values for a0 and a1,
as indicated with the dark shaded area in Fig. 3. The uncertain-
ties of ap determined from scattering data [8] are estimated to
be Reap ∼  Imap ∼ 0.2 fm. If the errors from SIDDHARTA and
scattering are added in quadrature, one obtains the light shaded
areas in Fig. 3.
Note that scattering provides restrictions on (a0,a1) that are
not fully encoded in the single value of ap from Ref. [8]; indeed, as
indicated in Fig. 3, scattering provides the irregularly shaped areasFig. 4. Uncertainty of the boundary of allowed values for AKd . The central value
(solid line) corresponds to the average of ap from scattering data and the SID-
DHARTA value; uncertainty (shaded area) from the combined errors of these two
sources.
for a0 and a1 which pin these values down much more precisely. In
any case, the ﬁgure clearly shows that there is no conﬂict between
scattering data and scattering lengths.
The combined uncertainty of ap from scattering and kaonic
atom data translates into the uncertainty of the boundary of al-
lowed values for the kaon–deuteron scattering length. This is indi-
cated with the shaded area in Fig. 4. Additional uncertainty stems
from the static approach to Kd scattering itself, i.e. Eq. (2). Re-
coil corrections can be sizeable and should be included in future
calculations. As for the genuine three-body term δaˆKd in Eq. (2),
note that its imaginary part is related to the total two-nucleon ab-
sorption rate of the K− which amounts to (1.22 ± 0.09)% [24];
assuming Re δaˆkd to be of similar size as Im δaˆKd , the three-body
force contributes only with a few percent to AKd .
4. In summary, we have reanalysed the predictions for the
kaon–deuteron scattering length in view of the new kaonic hydro-
gen experiment from SIDDHARTA. Based on consistent solutions
for input values of the K−p scattering length, we have explored
the allowed ranges for the isoscalar and isovector kaon–nucleon
scattering lengths and explored the range of the complex-valued
kaon–deuteron scattering length that is consistent with these val-
ues. In particular, the new SIDDHARTA measurement is shown to
resolve inconsistencies for a0, a1, and AKd as they arose from the
DEAR data. A precise measurement of the K−d scattering length
from kaonic deuterium would therefore serve as a stringent test
of our understanding of the chiral QCD dynamics and is urgently
called for.
Acknowledgements
We thank Akaki Rusetsky for stimulating discussions. Partial
ﬁnancial support from the EU Integrated Infrastructure Initiative
HadronPhysics2 (contract number 227431) and DFG (SFB/TR 16,
“Subnuclear Structure of Matter”) is gratefully acknowledged.
References
[1] M. Bazzi, G. Beer, L. Bombelli, A.M. Bragadireanu, M. Cargnelli, G. Corradi,
C. Curceanu, A. d’Uﬃzi, et al., arXiv:1105.3090 [nucl-ex].
[2] U.-G. Meißner, U. Raha, A. Rusetsky, Eur. Phys. J. C 35 (2004) 349, arXiv:hep-
ph/0402261.
[3] G. Beer, et al., DEAR Collaboration, Phys. Rev. Lett. 94 (2005) 212302.
666 M. Döring, U.-G. Meißner / Physics Letters B 704 (2011) 663–666[4] M. Iwasaki, et al., Phys. Rev. Lett. 78 (1997) 3067.
[5] B. Borasoy, R. Nissler, W. Weise, Phys. Rev. Lett. 94 (2005) 213401, hep-ph/
0410305;
B. Borasoy, R. Nissler, W. Weise, Eur. Phys. J. A 25 (2005) 79, arXiv:hep-ph/
0505239.
[6] J.A. Oller, J. Prades, M. Verbeni, Phys. Rev. Lett. 95 (2005) 172502, arXiv:hep-
ph/0508081.
[7] J.A. Oller, Eur. Phys. J. A 28 (2006) 63, hep-ph/0603134.
[8] B. Borasoy, U.-G. Meißner, R. Nissler, Phys. Rev. C 74 (2006) 055201, hep-
ph/0606108.
[9] J. Gasser, V.E. Lyubovitskij, A. Rusetsky, Phys. Rept. 456 (2008) 167, arXiv:
0711.3522 [hep-ph].
[10] U.-G. Meißner, U. Raha, A. Rusetsky, Eur. Phys. J. C 47 (2006) 473, nucl-th/
0603029.
[11] J. Marton, DEAR/SIDDHARTA Collaboration, AIP Conf. Proc. 870 (2006) 475.
[12] M. Cargnelli, Acta Phys. Slov. 55 (2005) 7.
[13] C. Curceanu (Petrascu), M. Bazzi, G. Beer, L. Bombelli, A.M. Bragadireanu,
M. Cargnelli, G. Corradi, A. d’Uﬃzi, et al., Few Body Syst. 50 (2011) 447.[14] S.S. Kamalov, E. Oset, A. Ramos, Nucl. Phys. A 690 (2001) 494, arXiv:nucl-
th/0010054.
[15] R. Chand, R.H. Dalitz, Annals Phys. 20 (1962) 1.
[16] A. Bahaoui, C. Fayard, T. Mizutani, B. Saghai, Phys. Rev. C 68 (2003) 064001,
nucl-th/0307067.
[17] V. Baru, E. Epelbaum, A. Rusetsky, Eur. Phys. J. A 42 (2009) 111, arXiv:
0905.4249 [nucl-th].
[18] V. Baru, C. Hanhart, A.E. Kudryavtsev, U.-G. Meißner, Phys. Lett. B 589 (2004)
118, arXiv:nucl-th/0402027.
[19] G. Toker, A. Gal, J.M. Eisenberg, Nucl. Phys. A 362 (1981) 405.
[20] M. Torres, R.H. Dalitz, A. Deloff, Phys. Lett. B 174 (1986) 213.
[21] A. Deloff, Phys. Rev. C 61 (2000) 024004.
[22] V.Y. Grishina, L.A. Kondratyuk, M. Büscher, W. Cassing, Eur. Phys. J. A 21 (2004)
507, arXiv:nucl-th/0402093.
[23] A. Sibirtsev, M. Büscher, V.Y. Grishina, C. Hanhart, L.A. Kondratyuk, S. Krewald,
U.-G. Meißner, Phys. Lett. B 601 (2004) 132, nucl-th/0406061.
[24] V.R. Veirs, R.A. Burnstein, Phys. Rev. D 1 (1970) 1883;
A. Rusetsky, private communication.
